In this paper we study Newman's conjecture for powers of the partition function. While this conjecture is known for powers of primes that are not exceptional for the power under consideration, it is an open problem for exceptional primes. We settle this conjecture in many cases for small powers of the partition function by generalizing results of Ono and Ahlgren. It should be noted our method requires a case by case examination of each power and does not yield a general method for dealing with different powers simultaneously.
Introduction and Statement of Results
A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. The partition function p(n) is defined to be the number of partitions of n. By convention, p(0) = 1 and p(n) = 0 for n < 0.
Euler showed that the partition function satisfies the following generating An r-colored partition of a positive integer n is a partition of n, where one of r colors is assigned to each integer in the sequence. The rth power of the partition function, p r (n), counts the number of r-colored partitions of n. It satisfies a generating function relationship similar to that of p(n):
In his 1921 paper [14] , Ramanujan proved the following beautiful and intriguing congruences, which became known as the Ramanujan congruences
where = 5, 7, 11, δ =
−1 24
, and n is any positive integer. Since then, congruences similar to (2) have been extensively studied. Although Ahlgren and Boylan showed in [2] that the Ramanujan congruences are the only ones of the form (2), Kiming and Olsson [10] have shown that congruences like (2) exist for p r (n). They define these congruences as follows. Definition 1.1. Let ≥ 5 be a prime number, r a positive integer with 1 ≤ r < and r = − 1, − 3. We say that is exceptional for r if there exists an integer a such that 0 ≤ a ≤ − 1 with p r ( n + a) ≡ 0 (mod ) for all positive integers n.
In the same paper, Kiming and Olsson also proved the following theorem, which makes the Ramanujan congruences special cases of exceptional congruences , with ≥ 5 a prime number and j a positive integer [3] . For certain M with multiple prime factors, conditions to check the validity of the conjecture were obtained in [1] .
Since p(n) is a special case of p r (n), we will consider the following generalization of Newman's conjecture to p r (n). Conjecture 1.4. If M and r are positive integers, then for every integer s there are infinitely many non-negative integers n such that p r (n) ≡ s (mod M ).
Notice that for r = 1, we have p r (n) = p(n) and recover Newman's original conjecture. Using a procedure similar to the one in [2] , Kilbourn [8] proved Conjecture 1.4 for M = j when > r + 4 is not exceptional for r and outlined a method to check the conjecture when is exceptional for r < 24.
In this paper, we will follow the procedure outlined in [8, §5] to verify Conjecture 1.4 for certain M = j with a prime number and exceptional for r < 48. All the pairs (r, ) with exceptional for r < 48 are listed in [6] . We will look at the pairs in the following set The proof depends on the action of Hecke operators on certain modular forms whose coefficients are congruent to p r (n) modulo a prime. First, we will construct a half-integral weight modular form for each pair in S following a similar method in [4] using eta-quotients and twists of modular forms by characters. We then compute the action of certain Hecke operators on those modular forms. Note that the proof of Theorem 5 in [3] has demonstrated the cases for (r, ) = (1, 5), (1, 7) , (1, 11) , and [8, §5] has a sketch for the case (r, ) = (3, 11) .
In §2, we will give some facts about modular forms modulo and etaquotients as in [15] , [16] , [9] and [13] . We will describe the construction of the modular form in §3 and prove Theorem 1.5 in §4.
Preliminaries
Let M k (Γ) and S k (Γ) denote the space of modular forms and cusp forms of weight k and level Γ respectively for Γ ⊆ SL 2 (Z) a congruence subgroup.
be the coefficient-wise reduction of f (z) modulo . Note that we fix in this section so the reductions are always assumed modulo unless otherwise noted. Define
as the space of weight k modular forms reduced modulo .
Let
Note that one clearly has
Recall the Ramanujan operator for
). In addition, we have the following facts about filtrations and the effect of the theta operator on filtrations from [15] and [16] .
Let d be a positive integer. We define the U -operator and V -operator by
Unlike the Ramanujan operator, both U (d) and V (d) transform modular forms to modular forms in the following manner.
Recall Dedekind's eta function and its q-expansion:
We have that η(24z) ∈ S 1/2 (Γ 0 (576), χ 12 ) where
. One also has that every integral weight modular form on SL 2 (Z) and every half-integral weight modular form on Γ 0 (4) can be expressed as a rational function in η(z), η(2z), and η(4z) (see [13, Thm. 1.67] 
is the cusp form with the smallest integral weight. Thus it is easy to see that η(z) is an important building block for both integral and half-integral weight modular forms. Here are some facts about eta-quotients. is
Let c, d and
N 24 δ|N gcd(d, δ) 2 r δ gcd(d, N d )dδ .
Proposition 2.4. Let t be a positive integer. Define the eta-quotient E ,t (z) as
One has . Also, one easily checks that E ,t (z) is holomorphic at every cusp and vanishes at every cusp not equivalent to
, notice E ,t (z) has the following expansion
By the binomial theorem, we have (1 − q) ≡ (1 − q ) (mod ) and equation (6) implies that E ,t (z) ≡ 1 (mod ). Now with an induction on m, we see that for every positive integer m
Construction
We assume throughout this section that ≥ 5 is a prime number that is exceptional for r. This allows us to assume that r is odd by work of Kiming and Olsson [10] . We define
We begin this section by proving the existence of a half-integral weight modular form F r, ,j (z) whose coefficients are congruent to values of p r modulo 
, and
Proof. Consider the following eta-quotient
From Theorem 2.3 we know that f r, (z) ∈ M r( −1)
2 (Γ 0 ( ), χ ) where we have used that χ r = χ since r is necessarily odd. Using equations (1), (5) and the fact that f r, (z) vanishes at ∞, we can write
Given a modular form f and a character χ, we denote the twist of f by χ as f ⊗ χ. Consider the function 
Consider
Since divides the exponent of every term in the q-expansion of f r, |U ( )|V ( ) in equation (8), it has the following q-expansion:
Now we are able to show that for sufficiently large m the following function has the desired property
(In particular, we require that m ≥ j.) Using equations (7), (9) and (10), we can compute the q-expansion of F r, ,j,m (z) modulo
The fact that η ) with weight
and character χ ,3 χ χ 12 . To check that it vanishes at the cusps, consider the function
where ∆(z) is the unique normalized cusp form on SL 2 (Z) of weight 12.
Clearly, h(z) transforms correctly under Γ 0 ( 3 ). At ∞, we can use (9) and (10) to obtain the q-expansion for g r, (z) − f r, (z)|U ( )|V ( ):
When r < 24, the first term in the summation of equation (13) has order at least 1 + rδ since 0+rδ = r, = − r, . When 24 < r < 48 and r ∈ S, the first two terms, with n = 0 and 1, have the property that
by the definition of S. So it has order at least 2 + rδ . Since E ,3 (z) is holomorphic at ∞, we see from equation (12) is an integer. (Note that it may look odd to have a dependence on j on the left hand side but the right hand side in terms of m. We write it this way to emphasize that the m can be arbitrary as long as it is large enough to ensure cuspidality and m ≥ j.)
We now construct a modular form P r, (z) such that its level is not divisible by and P r, (z) ≡ F r, ,j (z) (mod ). The construction for r = 1 is carried out in [5] and an analogous result is sketched for r < 24 in [8, § 5] . 
, we can apply the Ramanujan operator −1 2 times and conclude from Lemma 2.1(3) that
By considering the q-expansion of Θ
Combining equations (14) and (15), we know that there is a cusp form
Let E k (z) be the normalized Eisenstein series of weight k. Using the fact that E −1 (z) ≡ 1 (mod ), we can define the cusp form R r, in S (r+1)( 2 −1)
Using equation (16), we can calculate the q-expansion of R r, (z) as
When is exceptional for r, we can find an integer a such that p r ( n+a) ≡ 0 (mod ) for every integer n. If |n, then we can deduce from Theorem 1.2 that n − rδ ≡ a (mod ). So we can write n − rδ = m + a for some integer m. Since is exceptional for r, p r (n − rδ ) ≡ 0 (mod ) whenever divides n. Thus the q-expansion of R r, (z) modulo is as follows:
Define
From equation (17), we see that P r, (z) ≡ F r, ,j (z) (mod ). To check that it is a cusp form, consider the space S (r+1)( 2 −1)
. Also, the first nonzero term of R r, (z) has exponent at least rδ + 1 for r < 24 and rδ + 2 for 24 < r < 48 by construction. So we can write
(SL 2 (Z)) for r < 24 and
(SL 2 (Z)) for 24 < r < 48. In either case, P r, (z) is the product of some power of η(24z) and another modular form. (See the appendix for some examples of expressing P r, (z) explicitly in terms of η(24z) and E 4 (24z).) Hence we have P r, (z) ∈ S 2 −r−1
Proof of Main Theorem
The proof of Theorem 1.5 is similar to that of [3, Thm. 5] and the sketch in [8, § 5] . First, we need the following definition from [3] . 
One should note here that conditions (1) and (2) can be simultaneously satisfied. The point here is that if condition (2) fails, then we must have the validity of condition (1) .
The following proposition gives us a way to check the validity of condition (2) 
